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Calculation of Unsteady Transonic Aerodynamics for

Oscillating Wings with Thickness
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An analytical approach is presented to account for some of the nonlinear characteristics of the
transonic flow equation for finite thickness wings undergoing harmonic oscillation at sonic flight
speed in an inviscid, shock-free fluid. The thickness effect is accounted for in the analysis through
use of the steady local Mach number distribution over the wing at its mean position by employing
the local linearization concept and a coordinate transformation. Computed results are compared
with that of the linearized theory and experiments. Application to a flutter problem is shown.

Nomenclature

= aspect ratio

= pitch axis (measured aft from most forward point on wing)
= B(x,y,2,t) = 0, body surface position

= reference length-—wing centerline chord, ft
= local speed of sound (normalized to U, )
Jjth mode shape

“imaginary part of”’

reduced frequency, k = wb /U«
generalized aerodynamic force coefficient
local Mach number

number of boxes along centerline chord
“order of”’

wing planform area
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downwash
dimensionless Cartesian coordinates
ith mode amplitude of motion
semispan at the wing trailing edge
small perturbation velocity potential, ® = ¢ + ¢
steady part of ®
= unsteady part of ¢
= angular velocity, rad/sec
= thickness ratio
= phase angle of the generalized aerodynamic force coef-
ficient L;;, degrees
)x,xt = partial derivatives
;o = magnitude of the oscillatory quantity
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( = doublet

( )iy = (i.j)th box

() = freestream condition
(~) = transformed quantity
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I. Introduction

THE study of flutter and other aeroelastic responses of an
aircraft requires adequate knowledge of the forces acting
on three-dimensional wings in oscillatory motion. Such
aeroelastic problems are frequently critical in the transon-
ic speed range. The physical problem is governed by a
nonlinear partial differential equation with nonlinear
boundary conditions, for which an exact solution is not
known to exist. The basic small perturbation equation
governing the velocity potential for transonic flow over a
thin wing or a slender body is well known.1:2 However,
the nonlinearity which remains present prevents closed-
form solutions from being obtained except in a few special
cases.? For a low-amplitude, high-frequency oscillation
where the unsteady part is considered to be a small dis-
turbance to the steady part, the steady-state properties
can be completely uncoupled from the unsteady equation,
and the governing equation for unsteady transonic flow
can be linearized.2:3 Almost all unsteady transonic flow
theoretical work lies within the framework of linearized
theory where the thickness effect of the wing is neglected.

More recent studiest* indicate that wing thickness,
which enters into the mathematical nonlinearity, can sig-
nificantly affect unsteady pressures in some speed ranges.
Moreover, oscillatory transonic aeroelastic instability (i.e.,
flutter) often occurs at frequencies below the range of va-
lidity of the transonic linearized theory. The object of the
work, therefore, is to develop an approximate method for
accounting for the more important effects of finite wing
thickness in order to predict transonic oscillatory aerody-
namic parameters at frequencies lower than those for
which linearization is valid. The present study is limited
to attached, shock-free flow.

An important consequence of the previously mentioned
linearization is the suppression of deviations in local
Mach number from freestream value. Since these devia-
tions have appreciable effect on propagation of pressure
disturbances over the lifting surface, significant improve-
ment in the theory may be accomplished by “recoupling”
the steady and unsteady flow parameters so that solu-
tions may approximately consider variations in mean local
Mach number caused by finite wing thickness. In the
present development, this is achieved by considering all of
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2 all dimensions normalized
with respect to centerline
chord length b

Fig. 1 Physical coordinates and sample wing geometry.

the steady-flow parameters over the wing to be invariant
within a small finite region. This latter assumption,
equivalent to the concept of local linearization, permits
the nonlinear differential equation for the velocity poten-
tial to be reduced to a linear equation with variable coef-
ficients containing the local Mach number. By means of
an appropriate coordinate transformation, the equation
becomes identical with the usual linearized transonic un-
steady-flow equation with constant coefficients. Numeri-
cal results are then obtained for wings with finite thick-
ness by means of the well-known sonic-box (linearized
theory) method?®-6 applied to the wing in the transformed
space.

Since this investigation is exploratory, the limitations
on wing planform geometry imposed by the sonic-box
method of Ref. 5 have not been removed. The types of
wings which can be treated are those having unswept
trailing edges, without control surfaces. Also, because of
the transformation method used, the mean steady flow
everywhere over the wing must not be very different from
that of the undisturbed stream.

Calculations using the present method were made to
evaluate the thickness contribution to the unsteady aero-
dynamic forces by comparison with cases not having any
thickness effect. The wings considered were a) rectangular
wings -with a bicircular-arc profile, and b) delta wings
with an elliptic lateral cross section. Comparisons are
made with the sonic-box method, for cases without thick-
ness effects, as well as with available test data on finite
thickness wings. The method is also used to predict the
effects of wing thickness on the flutter characteristics of a
45° delta wing at M., = 1.0.

II. Problem Formulation

A. Basic Equation

Consider a wing performing a small-amplitude oscilla-
tion around its zero angle-of-attack position in a steady
transonic flowfield. The wing is assumed to be smooth
and thin enough so that the small-perturbation velocity
potential equation for transonic flow can be applied. The
physical coordinates and a sample wing geometry are
shown in Fig. 1.

The basic equation containing only the linear terms of
the small perturbation velocity potential is

1 1
(l _;7>‘I>xx + &y, + O, _z(zq’xt + ‘I’tt) =0 (1)

This may be considered as a linear equation with vari-
able coefficients, and all quantities in Eq. (1) are dimen-

J. AIRCRAFT

sionless. If the nonconstant coefficient in Eq. (1) is ap-
proximated by using

1/c® = M*(1 - 28,)

and only the terms linear in ¢ are retained, the following
results:

(1= M)y + By + B~ MP (20, + 0,,) =0 (2)

where M is the local Mach number. This equation main-
tains the mixed-flow property usually observed in the
transonic flow regime. It is not, however, in the form com-
monly used in transonic flow studies because of the pres-
ence of a nonconstant coefficient.

If the mean steady local Mach number M is assumed to
be independent of the unsteady part, Eq. (2) can be writ-
ten as

(1- Mg)(pxx + Py t bze = 0 (3)
and
(1 _MZ)(pn + (pyy + @z _Mz(z‘pxt + (ptt) =0 (4)

where Eqgs. (3) and (4) are, respectively, for steady and
unsteady flow. In this study, it is assumed that the solu-
tion of Eq. (3) is available; thus, the local Mach number
representing the thickness effect in Eq. (4) is treated as a
known quantity.

In transonic flow, 1 — M. = 0(¢x); and the assumption
that k£ > |1 — M| allows the linearization of the unsteady
equation (4). Consistent with this reasoning leading to the
linearized theory especially for M. = 1, it is possible to ne-
glect the first term in comparison with the other terms in
Eq. (4) for those wings over which the local Mach number
is not very different from that of the undisturbed flow.
Thus, Eq. (4) for M, = 1 becomes

Dyy t Doz — M2(2¢xt + (ptt) =0 (5)

This equation may be considered as a linear equation with

variable coefficients. For harmonic motion, the small per-
turbation ¢ may be written as

@ =@,

ikt
and Eq. (5) becomes

Porys + Po,oe = MP Rk, — K9,) = 0 ®)
B. Boundary Conditions

The boundary conditions to be satisfied by Eq. (5) or
(6) are that the disturbance must vanish at infinity, and
the flow must always be tangent to the wing surface. The
former will be satisfied by the type of solution chosen and
the latter is expressed as?

DB/Dt=0

where B(x,y,z,t) = 0 defines the body surface. For a very
thin wing, the tangency condition can be linearized; and
the unsteady part is

Q,=h,+ h,onz=0 (7
Use of the linearized tangency condition is justified for
the case of thin wings performing small-amplitude oscilla-

tions. Finally, for harmonic motion, Eq. (7) can be writ-
ten as

Doyz = ho,x + tkh,on z =0 8)

III. Local Linearization

A. Concept

The actual physical problem is governed by nonlinear
partial differential equations with nonlinear boundary
conditions, and defies exact solution. Hence, we confine
ourselves here to an adaptation of the linear theory to ac-
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count for the effect of wing thickness insofar as it pro-
duces a nonuniform mean flow, including possibly a local
supersonic region without a terminating shock.

One technique which permits a linear method is to ac-
count for the nonlinearity in an approximate fashion,
based on the concept of “local linearization.” The under-
lying assumption is that the physical state, usually gov-
erned by nonlinear equations, is adequately described
within a limited region by related linear equations in
which all parameters involved have their local values
taken to be invariant. This involves replacement of the
nonlinear equations with linear equations having variable
coefficients.

These methods were introduced into aerodynamics in
an intuitive way for steady flow by Spreiter and Alksne,3
and have now been rigorously validated by means of the
method of parameteric differentiation by Rubbert and
Landahl.® This approach suggests that, in the case of un-
steady flow, the calculations can be carried out with suffi-
cient accuracy, using the linearized equations which con-
tain the local values of the steady-flow parameters. In his
linearized theory, Landahl1® cites evidence for the validity
of applying the concept of local linearization to the case of
unsteady flow.

Moreover, in the case of supersonic flow, it was pointed
out by Ashley!! that a simple way of potentially improv-
ing the accuracy of unsteady flow calculations is to use
the linearized velocity potential equation, but with the
Mach number of the undisturbed flow replaced by the
local Mach number which varies spatially due to thick-
ness, mean angle of attack, and/or camberline shape. This
work has been extended in two ways. Sankaranarayanan
and Vijayavittall? applied Ashley’s!! approach to super-
sonic flow past delta wings and found that the general ef-
fect of thickness is to reduce the flutter speed; meanwhile,
Kacprzynskil® examined the three-dimensional effects
more fully. The above mentioned investigations are con-
cerned with thickness effects in supersonic flow. Except
for the work of Albano and Andrew!? relatively little in-
formation is available about the behavior of an oscillating
finite wing with thickness in the transonic flow regime.

B. Procedure

Since the present analysis is exploratory, only wings
with unswept trailing edges, zero mean angle of attack,
and zero camber are considered. These, however, are not
essential limitations.

By introducing the following modified Prandtl-Glauert
transformation

Y=x
7= Mk,y) ¥z

into Eq. (6) and neglecting the spatial derivatives of M
(here, M is considered as a parameter), the following is
obtained:

@o33 + Gozs — 2ik5o,; + k9, =0 (10)
where
Go(5,5,2) = Mlx,y) X @,(x,9, 2) (11)
The corresponding tangency condition becomes
Gojz = hoy + ik, (12)
where
W,=h,

Equations (10) and (12) are in the forms that Rodemich
and Andrew? used in their sonic-box method. Thus a fi-
nite-thickness wing transformed according to Eq. (9) may
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+8(x) = +8(x)*M(+8)

2

unacceptable

~
X

acceptable

~8(x) = -s(x)-M(-s)
Fig.2 Transformation of leading edge.

be treated by the sonic-box method in the transformed
space.

Even though the local Mach number may be greater
than or less than unity on a given wing, the implication of
the procedure outlined previously is that the locally sub-
sonic or supersonic character of the flow is not the pre-
dominant influence on the oscillatory potential. Instead,
upstream propagation of disturbances in local subsonic re-
gions, for example, is implied to be of secondary impor-
tance and is not represented. The local Mach number is
treated as a parameter, with local disturbances unable to
travel upstream by virtue of the Mach freeze.

C. Limitations of the Proposed Transformation

The sonic-box method developed by Rodemich and An-
drew® is restricted to a wing with no part of it down-
stream of any part of its wake(s). That is, the slope of the
leading edge of the wing d3/d% is not allowed to change
signs as shown in Fig. 2. The leading edge shown in the
positive ¥ quadrant is unacceptable because its slope
changes sign between the apex and the trailing edge of the
wing. Conversely, the slope of the leading edge shown in
the negative ¥ quadrant does not change sign, thus it is
acceptable.

Since the sonic-box method is applied to the trans-
formed wing in the present study, this restriction may be
expressed as

(d /dx)[£s ()] = 0
or written in the quantities for the physical plane

@/dx)[ £5s(x)] 13)
(d/dx)[M(x5)]

where M(*s) represents the local Mach number along the
leading edges.

In addition to the limitation shown in Eq. (13), the
coordinate transformation employed herein imposes an-
other limitation concerning the spanwise Mach number
distribution. That is, at x = const

+5(x) = ~-M(xs) X

dy

dy> 0for 0<|y| <s

Figure 3 illustrates the nature of the acceptable and the
unacceptable functional forms. In the sketch, the relation
¥ =y . M(x,y) is drawn as a solid line. As can be seen in
the illustration, the transformed local span in y = 0 is sin-
gle valued (acceptable) whereas that in ¥ < 0 is multiva-
lued (unacceptable). The multivalued transformation
creates a type of foldover wing in the transformed space
which does not correspond to physical reality and to
which the sonic-box method does not directly apply. This
condition may be relaxed somewhat if at those points
where the values of dy/dy = 0 occur within the range |¥|
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Fig.3 Transformation of spanwise coordinate.

< |3], ¥ only deviates slightly from the required monoton-
ically increasing nature as y is transformed into y from 0
tos.

IV. Method of Solution

A. Basic Solution

Since the basic equation, Eq. (6), and the tangency
condition, Eq. (8), to be satisfied in the transformed space
are identical to those used in Ref. 5, the calculation may
be carried out in the transformed space using a computer
program modified from the one developed by Rodemich
and Andrew.?

The basic solution satisfying Eq. (6) and the condition
at infinity for a thin wing having its mean position lying
in the x¥ plane, representing a point doublet with its axis
oriented in the z direction, is

~ o~ ~

(pd( aj)\,

z)
0, x=0

=Yik z ~ yiez? o~ (14
—77972_ Xexp[——é—(x+ )],X>O

Then the solution to Eq. (6) for a distribution of doublets
can be written as

.,

14

‘2

— o,

, 2

=

(=]

b

0
plE, ) X $4& — £,% ~n,2)dedn, ¥ > 0 (15)

r?

-

v
=3

where p(£,n), representing the doublet strength, may be
any function such that the integral exists.

The downwash at a point (%,%) on 2 = 0+ of the wing
mean plane, may be obtained from Eq. (15) by differen-
tiating both sides with respect to z. Thus

B, 7,00 = S ple, n) X 9 — £, 5 —n,00dE dn  (16)
;’+g )
where

¥, ,0%)

~ o~~~

b}

lim —

lim 25{04(x, v, 2)]
0, ¥ =0
1
27 %2

Il

il

p(X,5) = 9,&,5,07
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and W + § represents the portion of the transformed wing
plus wake for which ¥ — £ > 0. Thus, the boundary-value
problem becomes

WE, 5,07 = [[@oE,m,0) X Y& — &, —n)dt dn
for (%,in § A7)
and

8 ~ i~ ~ ~ o~ ~
(—37 +ik)g00(x,y,0*) =0, for (X,¥)inW. (18)
X

B. Doublet Box Method

The amplitude of oscillation of the thin wing under con-
sideration is assumed to be small. The mean position of
the wing is considered to lie approximately in the xy-
plane with its nose at the origin and with an unswept
trailing edge. The freestream is assumed to be parallel to
the ¥ axis and at a Mach number of unity. The value of
the unsteady potential on the wing may be found by using
Eq. (17).

To get an approximate solution of Eq. (17), let the
%y plane be covered with a grid of square boxes with the
box edges parallel to the ¥ and 7 axes. Let the region E be
composed of all boxes whose centers lie in S, the trans-
formed wing planform surface. Thus, E is an approxima-
tion to S by boxes. The potential @¢ over each box is as-
sumed to be constant, that is, $o;; = const over (i,j)th
box E;;. The tangency condition is applied to the center
(%;,%;) of each box E;; in E, and the region of integration
is replaced by E. Thus, Eq (17) gives a system of linear
algebraic equations for the @ ;;’s, which can be expressed
in the form

LA, 17 =508, = 96, T)
M

~ 20 LAG—7, i~ V3, ;0,0 (19)

i<i g

where
AG -3, |i—i'1) = [ [o& - £,5,—ndt an  (20)

i’

If the wing is symmetric about the % axis, then only
modes of oscillation that are symmetric or antisymmetric
in ¥ need to be treated. Thus one only needs to consider
one-half of the wing in a computation. For symmetric
modes, Eq. (19) becomes

,-'Zzl (A0, |7 =D + A0, + 3" = DD, 10 = w(x, 5))

—Z 2 A= =D+ A=, [+ =10, ey
i'<i j'= ’
for j =1 21)

The equations forj < 0 are implied by j = 1.
For antisymmetric modes, Eq. (21) applies, with the
sums of values of A replaced by differences.

C. Calculation Procedure

A major part of the computer program used in this
study is adapted from that developed by Rodemich and
Andrew.® The wing with thickness is transformed using
the relations in Eq. (19). The equation to be solved and
the boundary condition to be satisfied in the transformed
space become those in Egs. (10) and (12), respectively.
Then the sonic-box linearized-theory method of Ref. 5 is
applied directly in the transformed space.

The leading edge of the planforms of both the physical
and transformed wings must not have any local maximum
in the spanwise direction within the range 0 < x < 1; that
is, the local semispan must not decrease as x increases
from the nose to the trailing edge. For computational con-
venience, the leading edge of any given wing planform is
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S S R o — s 1.0 equal to their values at the box centers. The trailing edge
Reduced frequency, k of the wing must be unswept and there must be no control
’ surfaces.
The doublet potential at the center of each box in the
260 N ) T N T T ) transformed space is obtained by using Eqgs. (20) and (21),
\ with a prescribed downwash distribution, from the sonic-
055 F \\ box computer program. Then it is converted into the dou-
N\ i blet pptential of the physical wing by applying Eq. (11).
240 Mo That is, the doublet potential at the center of each box in
S e the physical space is found by determining that of the
deg R T _ corresponding point in the transformed space and apply-
L ) ) ) A | L ing the inverse transformation. This inversion results in a
20"z 0.4 0.6 0.8 1.0 nonuniform array of points and boxes on the physical
wing, but this method interpolates the data before further
b) Reduced frequency, k

Fig. 4 Generalized aerodynamic forces for A = 2.0 re'ctangu-
lar wing at M _ = 1.0. a) Lift due to plunge; b) pitching mo-
ment due to pitch.

represented by a finite number of straightline segments
and, based on these, the area is then approximated by a
grid of square boxes. In each box, represented by its cen-
ter, the flow parameters are considered to be constants

usage for integrations. The generalized aerodynamic force
coefficients are computed from the following expression2:

4 .
Li; = 55—:-—fsf (@o,x + 1RO, f; dx dy

The stability derivatives are calculated by using the fol-
lowing relationships:
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Fig. 6 Convergence of pitching moment due to pitch for A =
1.5 delta wing at M, = 1.0

CL o« = ——IM[L“]

1
Cuo + Cuya = 5 ImlLyy — alLyy + Lyp) + @Lyy]

V. Results and Discussion

Typical unsteady aerodynamic results have been calcu-
lated for rectangular and delta wings where the steady-
state Mach number distributions are readily avaliable.1®
The rectangular wing of aspect ratio 2.0 has a biconvex
airfoil section, and the delta wing for a variety of aspect
ratios has an elliptic cross section in a plane perpendicu-
lar to the chordwise axis.

Sample results are shown in Figs. 4 and 5 for rectangu-
lar and delta wings, respectively. The rectangular wing is
pitching about an axis along the leading edge; that is, a =
0.0. For the rectangular wing in sonic flow, Fig. 4 shows
that the effect of 0.0521 thickness ratio is to reduce gener-
alized force coefficients by as much as 20% compared with
zero-thickness values. These changes are somewhat larger
than anticipated, especially at the higher frequencies.
Since the results have not yet been correlated with experi-
mental data, they should be regarded as tentative. The
steady Mach number distribution used in this calculation
is quite rapidly varying, particularly near the leading edge
of this wing,1® so in the transformed coordinates the plan-
form is severely distorted. The box size used may be too
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Delta wing

a = 0.6 n

~———— landahl (Ref.2)

0
v { 8 1 _—_'___ Present method
- (¥=40 boxes)

0_3 " i " 1 " i 1 1 1
o] 0.2 0.4 0.6 0.8 1.0

Reduced frequency, k

Fig. 7 Damping in pitch for delta wings pitching about ¢ =
0.6atM_ =1.0.

large to define these variations adequately. Also, the re-
quirement of the linearized theory that the reduced fre-
quency satisfy the relationship k& > |¢x| is probably vio-
lated by the large velocity disturbances near the leading
edge.

Variations of the generalized aerodynamic force coeffi-
cients for pitching moment due to pitch oscillations
around the apex of a delta wing configuration with an as-
pect ratio A = 1.5 are shown in Fig. 5. A distribution of 40
boxes along the centerline chord was used in the compu-
tations. Figure 6 indicates that this number should be suf-
ficient for reasonable convergence of the generalized force.
(See also Figs. 17 and 20 of Ref. 6.) Pitching-moment
magnitudes and phase angles show little change with
thickness increase. At medium-to-high reduced frequen-
cies, increases in absolute values are of the order of 5%,
with the maximum occurring for 10% thickness. Over
most of the frequency range, a further increase to 15%
thickness results in a reversal of trend, or less increase in
magnitude of the force coefficients.

-30 — PRESENT ANALYSiS
A =144

Cng * Cnig
o
N TEST DATA A T a
O REF. 16 144 0.099 0.6
O REF. 17 145 006 06
- 10 L
L 1 1 [ 1 |
0 2 4 6 8 10

" REDUCED FREQUENCY, k

Fig. 8 Comparison of present analysis for sonic-flight pitch-
damping derivatives with delta-wing test data.
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Fig. 9 Chordwise pressure variations at three spanwise sta-
tions on A = 1.442 delta wing pitching about a = 0.642.

Damping-in-pitch values for delta wings are compared
with values for Landahl’s well-known linearized theory? in
Fig. 7 and with experiment6¢-17 in Fig. 8. The effect of fi-
nite thickness on damping in pitch is indicated to be sta-
bilizing and of appreciable magnitude at the lower re-
duced frequencies. At the higher frequencies, thickness
appears to be of much less importance. The differences in
damping magnitude (Fig. 7) obtained from the two zero-
thickness methods (Landahl’s and sonic-box), particularly
for the higher aspect ratio and the higher frequencies,
may be attributable, at least in part, to the upper-fre-
guency and aspect-ratio limitations in Landahl’s method.
Figure 8 shows that accounting for finite thickness in the
damping-in-pitch calculation produces correct trends in
comparison with the limited experimental data.

Only a small amount of test data are available for oscil-
latory transonic flow over the present configurations. The
data scatter is generally large, but the more reliable ap-
pearing data from Ref. 16 for a 70° delta wing oscillating
at M., = 1 are shown in Figs. 9 and 10 in comparison with
the current calculations. The inclusion of thickness in the
calculation of chordwise pressure distribution appears to
improve agreement with experiment at the more outboard
wing stations (Fig. 9). Data from the same tests!® show
good agreement with calculated values of lift-curve slope
as a function of frequency. As expected, the effect of wing
thickness on calculated lift-curve slope is small and is of
the same order as the scatter in the test data. In compari-
son, appreciably greater effects of thickness on pitching-
moment slope and aerodynamic center would be antici-
pated.

The only calculated results available for comparison
with the rectangular and delta wing calculations in Fig. 10
were obtained from linearized theory (zero thickness).
Landahl’s theory? compares quite well for the rectangular
wing at low reduced frequencies in Fig. 10a. Similarly,
Davies’ theory?® agrees very well with results for the delta
wing at aspect-ratio 1.5, shown in Fig. 10b.
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Fig. 10 Lift-curve slope variation with reduced frequency
and thickness at M_ = 1.0. a) A = 2.0 rectangular wing; b) 4 =
1.5 delta wing.

The accuracy of the sonic-box method depends on the
box size used in the computation,® and this is also true for
the locally linearized sonic-box method proposed in this
study (see Fig. 6). Some additional inaccuracy has re-
sulted from the least-square surface-fitting technique used
in the computation. Better surface-fitting techniques are
available, however.1® Because of the transformation tech-
nique adopted, certain types of wings for which a one-to-
one transformation cannot be made must be excluded
from treatment of the present approach. However, this
difficulty may be alleviated by using a locally varying
source strength distribution, related to the local Mach
number, in place of the transformation presently em-
ployed.

Finally, generalized aerodynamic forces generated by
the method developed herein have been used to assess the
aerodynamic effect of finite wing thickness on the flutter
characteristics of a 45° delta wing (A = 4.0) with elliptical
cross section perpendicular to freestream direction; that
is, an elliptic cone. The mass and stiffness of the wing
were assumed to be contained entirely within a homoge-
neous plate of uniform thickness and same planform as
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Fig. 11 Effect of thickness on local Mach number at M., = 1.0
for A = 4.0 delta wing with elliptical cross section. Method of
Ref. 15.
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Fig. 12 Effect of thickness on flutter characteristics at M., =
1.0 for A = 4.0 delta wing with elliptical cross section.

the wing. The wing was taken to be contilever mounted
along its center line, and the first four natural undamped
vibration modes were used in the flutter calculations.
Four modes had previously been found to be sufficient to
converge supersonic flutter calculations for the wing.

The distribution of local Mach number over the wing
surface, which is required input for computation of the os-
cillatory aerodynamic loading, was calculated by the
method of Ref. 15 and is shown in Fig. 11 for several
values of thickness ratio. Note that for the elliptic cone,
the method of Ref. 15 predicts no variation of Mach num-
ber in spanwise direction. No effect of base pressure was
considered.

The effects of thickness on flutter speed and flutter fre-
quency are shown in Fig, 12. It is seen that for a thickness
ratio of 0.04, a realistic value for the present wing, flutter
speed is predicted to be 15% lower than that predicted for
zero thickness. Flutter frequency is also lower by a com-
parable amount.

VI. Conclusions

The local linearization concept is applied to the deter-
mination of approximate wing thickness effects in un-
steady transonic flow using the sonic-box computational
procedure. The principal argument in this concept is that
the flow properties in a sufficiently small region on a wing
may be treated as constant for calculation purposes.
Thus, the small-perturbation velocity-potential equation
with variable coefficients becomes locally linear. A coordi-
nate transformation then reduces the equation to the
well-known linearized transonic equation with constant
coefficients, allowing the familiar sonic-box computer pro-
gram to be applied in the transformed space.

Sample calculations for delta and rectangular wings are
presented to demonstrate the capabilities of the program
and to show the contribution of wing thickness effects to
various unsteady-flow quantities. Comparisons are made
with results from linearized theories as well as with limit-
ed available test data, and reasonable trends with thick-
ness effects are indicated. Application to transonic flutter
of a delta wing is also shown.

Although the method proposed in this study has not yet
been thoroughly examined for a wide range of wings which
satisfy the underlying assumptions of the present locally
linearized sonic-box method, it is believed that the meth-
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od should offer improvement over the zero-thickness lin-
earized theory. The limitation caused by the transforma-
tion method can be improved by using a modified source
strength distribution, related to the local Mach number,
in place of the transformation presently employed to ac-
count for thickness effects. Also, improved accuracy
should be obtained by replacing the least-square surface
fitting procedure used in the original sonic-box computer
program with updated techniques.
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